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Essentially nonlinear dynamics of surface gravity waves on deep water with constant vorticity is modeled using gov-
erning equations in conformal coordinates. It is known that the dispersion relation of surface gravity waves upon shear
flow has two branches, with one of them being weakly dispersive for long waves. The weakly nonlinear evolution of
waves of this branch can be described by the integrable Benjamin-Ono equation, which has soliton and multi-soliton
solutions, and solitons interact elastically. To what extent the properties of such solitary waves obtained within the
weakly nonlinear models are preserved in the exact Euler equations is not known. Here, we investigate the behaviour of
this class of solitary waves without the restrictive assumption of weak nonlinearity by using the exact Euler equations.
Evolution of localized initial perturbations leading to formation of one or multiple solitary waves is modeled and prop-
erties of finite amplitude solitary waves are discussed. It is shown that within exact equations two-soliton collisions are
inelastic and the waves receive phase shift after the interaction.
I. INTRODUCTION
Water waves in oceans or inland basins often propagate
on vertically sheared currents, their dynamics being signif-
icantly affected by wave-current interaction1. On vertically
sheared currents, which may be produced by wind stress or
bottom friction, nonlinear properties of waves are modified,
such as rate of growth of modulational instability2 or breaking
conditions3. In particular, it was found using perturbational
analysis that shear flows support a specific kind of solitary
gravity waves absent in deep water without shear4.
A special case, for which theoretical treatment can be
greatly simplified, is that of a two-dimensional flow with uni-
form shear (constant vorticity), because all perturbations to
velocity field are then strictly potential as follows from the
Kelvin’s circulation theorem. In this setting many results con-
cerning periodic and solitary stationary waves have been ob-
tained numerically using boundary integral method5–7, with
the parameter space study extended later by Vanden-Broeck8,9
to find more solution families. See also a more recent study of
periodic waves by S. Dyachenko & Hur10,11 utilizing a con-
formal mapping technique.
The scope of the present paper is confined to deep water
waves on a uniform shear flow, propagating in the direction
of shear (negative vorticity in our notation, see below). Such
waves become weakly dispersive in the long-wave limit, and it
is known that their weakly nonlinear evolution is described by
the Benjamin-Ono equation4. The BO equation is integrable
and has stable soliton solutions, which interact elastically and
do not receive a phase shift after the interaction12. Our aim
is to examine the behaviour of finite amplitude solitary waves
and to find out to what extent they retain the properties of their
weakly-nonlinear counterparts. In contrast to the mentioned
a)Electronic mail: dosaev@appl.sci-nnov.ru
b)Electronic mail: java-jsp@yandex.ru
c)Electronic mail: yuliya@appl.sci-nnov.ru
works on finite amplitude waves, we ensure the robustness of
solitary waves we obtain by modeling their formation from a
localized initial perturbation. We also model interactions be-
tween solitary waves to find out how elastic these interactions
are.
The simulations are performed within the framework of the
full Euler equations for deep water waves with constant vor-
ticity. The governing equations in conformal coordinates for
a constant vorticity flow over an arbitrary bottom profile were
obtained by Ruban13, and independently for a flat bottom by
Choi14. Here we use a slightly different formulation which
employs Dyachenko variables15 to improve numerical stabil-
ity of the system; the corresponding governing equations were
derived by Dosaev et al.16. We also discuss an extension to
the iteration procedure suggested by Chalikov & Sheinin17 for
obtaining stationary wave profiles in conformal parameteriza-
tion.
The paper is organized as follows. In Section II we de-
scribe the physical model and introduce the modified govern-
ing equations in conformal coordinates that we used in our
simulations. In Section III some methods of solving the sta-
tionary wave equation to obtain soliton profiles are discussed.
Section IV describes the results of numerical simulations:
soliton profiles obtained from the disintegration of pulse-like
perturbations are compared to solitons of the BO equation,
and two-soliton interactions are studied.
II. BASIC EQUATIONS
A. Governing equations in Cartesian coordinates
Consider a two-dimensional flow of an ideal incompress-
ible fluid with a free surface. In the (x,y)-plane, with the y-
axis oriented upwards and the x-axis coinciding with the fluid
surface at rest, we describe motion of the fluid by a stream
function Ψ, which is connected to velocity components vx,vy
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vx =
∂Ψ
∂y
, vy =−∂Ψ∂x .
For waves propagating upon a shear current with uniform vor-
ticity distribution (ω =−∆Ψ= const) the stream function can
be decomposed into a sum
Ψ(x,y, t) =−ωy
2
2
+ψ(x,y, t),
with the first term, corresponding to the rotational component
of the velocity field, being time-independent, and the pertur-
bational part ψ satisfying ∆ψ = 0.
The harmonic conjugate to ψ , which we denote as ϕ , is
defined by the Cauchy-Riemann conditions
∂ϕ
∂x
=
∂ψ
∂y
,
∂ϕ
∂y
=−∂ψ
∂x
and has a meaning of potential for the same velocity perturba-
tion defined by the stream function ψ:
vx =−ωy+ ∂ϕ∂x , vy =
∂ϕ
∂y
.
Together ϕ and ψ form a “complex potential” θ = ϕ + iψ ,
which is an analytic function of a complex variable z= x+ iy
in the flow domain.
At the free surface y = f (x, t) kinematic and dynamic
boundary conditions must be satisfied:
∂ f
∂ t
+
(
−ω f + ∂ϕ
∂x
)
∂ f
∂x
− ∂ϕ
∂y
= 0, (1)
∂ϕ
∂ t
+
1
2
|∇ϕ−ωyx0|2+ωψ− ω
2y2
2
+
pa
ρ
+gy= 0, (2)
where x0 is a unit vector in the direction of the x-axis, g is the
gravity acceleration, pa is pressure at the free surface. Inside
the flow domain ϕ must satisfy the Laplace equation
∆ϕ = 0. (3)
We confine our study to deep water waves, thus assuming a
boundary condition at infinity
∂ϕ
∂y
→ 0 as y→−∞. (4)
The set (1)-(4) is equivalent to exact Euler equations and com-
pletely defines dynamics of the system.
For small amplitude waves propagating in the positive di-
rection of the x-axis the system (1)-(4) gives the dispersion
relation
c2k−ωc−g= 0, (5)
where k is the wavenumber and c is the phase velocity. Pa-
rameters of the system, g and ω , have only one combination
with the dimension of lenght,
λg = g/ω2
which therefore is a natural lenght scale for the problem. Ac-
cording to (5), long waves (kλg 1) propagating in the direc-
tion of shear (ω < 0) are weakly dispersive:
c≈ g|ω| −
gk
|ω|3 = c0(1− kλg), (6)
where c0 = g/|ω| is the limiting phase velocity for small am-
plitude long waves. Weakly nonlinear evolution of long waves
is described by the Benjamin-Ono equation4(
∂
∂ t
+ c0
∂
∂x
)
f −ω f ∂ f
∂x
− g
2
ω3
Hˆ
∂ 2 f
∂x2
= 0 (7)
which has soliton solutions with a Lorentzian profile
f (x, t) =
a
1+(x− ct)2/d2 , (8)
with the parameters satisfying
c= c0+
|ω|a
4
, (9)
ad = 4λ 2g . (10)
B. Governing equations in conformal coordinates
Let us map the flow domain onto a lower half-plane of com-
plex variable ζ = ξ + iη via a (time-dependent) conformal
mapping
x+ iy= z(ζ , t) = ξ + iη+ x˜(ξ ,η , t)+ iy˜(ξ ,η , t).
The free surface y= f (x, t) is thus mapped onto the real axis
η = 0.
The resulting parameterization of the free surface is partic-
ularly convenient because in the new coordinates (ξ ,η) func-
tions ϕ and ψ remain harmonic, and their values on the free
surface η = 0 are related through the Hilbert transform:
ψ(ξ , . . .) = Hˆϕ(ξ , . . .).
In conformal coordinates the boundary conditions (1), (2)
at the free surface η = 0 become14,18
xξ yt − xtyξ =−Hˆϕξ +ωyyξ , (11)
ϕt +ϕξ Hˆ
[−ψξ +ωyyξ
J
]
− ωyxξ
J
ϕξ +
+
ϕ2ξ −ψ2ξ
2J
+ωψ+
pa
ρ
+gy= 0, (12)
where J = |zξ |2. They can also be written in terms of analyti-
cal functions z and θ as
zt = iUz′ (13)
3θt = iUθ ′− (1+ iHˆ)( |θ
′|2
2|z′|2 −ωy Re
θ ′
z′
+
pa
ρ
)+
+ iωθ + ig(z−ξ ) (14)
where the prime denotes differentiation with regard to ζ , and
U = (1+ iHˆ)
[−ψξ +ωyyξ
J
]
.
The system (13)-(14) can be rewritten in a form that is more
suitable for numerical integration, through a change of vari-
ables
R=
1
z′
, V =
iθ ′
z′
.
The resulting governing equations are16
Rt = i(UR′−U ′R) (15)
Vt = i
(
UV ′−RPˆ′(|V |2−2ω Im z Im V + 2pa
ρ
)
)
+
+g(R−1)+ iωV, (16)
where Pˆ= 12 (1+ iHˆ) is a projection operator, and
U = Pˆ(RV ∗+R∗V −2ω Im z Im R)
Whenω = 0 the system (15)-(16) is reduced to the Dyachenko
equations15.
Derivation of the Benjamin-Ono equation in conformal co-
ordinates is given in the Appendix.
III. STATIONARY GRAVITY WAVES
A. Equation for stationary wave profile
In this section we discuss some facts that concern both pe-
riodic and solitary waves. Let us seek solutions of (11)-(12)
in a form of stationary waves:
y= y(ξ − ct), x= ξ + x˜(ξ − ct), ϕ = ϕ˜(ξ − ct)−gb0t
Substitution to (11) gives
(c+ωy)yξ = Hˆϕξ . (17)
Using (17) we eliminate potential ϕ from (12) and obtain an
equation for the wave profile in conformal parameterization
z(ξ ):
gy−gb0 = c
2
2
−
(
c+ω(yxξ + Hˆ(yyξ ))
)2
2J
(18)
Equations of motion (1)-(4) only contain two parameters of
the medium, that is, g and ω , and exactly two parameters we
can exclude from the equations by choosing appropriate units
of measurement for lenght and time. It means that nondi-
mensionalized form of the equations obtained by converting
to nondimensionalized coordinates and time
X = x/λg, Y = y/λg, Ξ= ξ/λg, T = |ω|t
will not contain any parameters that depend on the medium,
and a similarity law can be established for motions of the sys-
tem at various (g,ω). Therefore, profiles of stationary waves,
which for ω < 0 satisfy a nondimensionalized equation
Y +
1
2J
(
C−YXΞ− Hˆ(YYΞ)
)2
= const
are universal and only depend on dimensionless phase veloc-
ityC= c/c0 and wavelenghtΛ= λ/λg. Solitary waves, which
can be considered a special case of stationary waves having
infinite wavelength, constitute a one-parameter family of so-
lutions and all their dimensionless parameters, such as height
a/λg, width d/λg and phase velocity c/c0, can be found as
functions of a single parameter.
B. Iterative method for solving the profile equation
Profiles of periodic stationary waves can be found numer-
ically using the method suggested by Chalikov & Sheinin17
and generalized here to the case of non-zero constant vortic-
ity. Let us rewrite the stationary wave equation as
gy+
F
2J
= q, F =
(
c+ω(yxξ + Hˆ(yyξ ))
)2
where q is a constant. An interesting property of conformal
mapping z(ζ ) is that not only the Jacobian J = |z′|2 can be
computed for a known z, but also vice versa the mapping z
itself can be recovered from known values of its Jacobian. Let
h= logz′, then
h= (1+ iHˆ)
1
2
logJ, z= ∂−1ξ exph.
This observation is the basis of the following iterative proce-
dure. First we choose the values of wavelength λ and phase
velocity c, for which a stationary wave profile is to be com-
puted. The procedure is initialized as, for example,
logJ[0] = ε cos
2pi
λ
ξ ,
and the following steps are repeated in a loop:
1. h[n] := (1+ iHˆ)
1
2 logJ;
2. z′[n] := exph[n], 0-th harmonic of z
′
[n] is set to 1;
3. z[n] := ∂−1ξ z
′
[n], 0-th harmonic of z[n] is adjusted so that∫
yxξdξ =
∫
f (x)dx holds;
4. next approximation for the constant q is computed:
q[n] := g
s[n]y[n](λ/2)− y[n](0)
s[n]−1
,
where
s=
F(0)J(λ/2)
F(λ/2)J(0)
;
4FIG. 1. Stationary wave profiles of almost limiting heights for wave
lengths (from top down) 10λg, 20λg, 40λg, 80λg. The lower points
of the profiles are superimposed for clarity.
FIG. 2. Domain in the parameter space where the iterative proce-
dure for solving the stationary wave equation (18) converges. Lower
boundary of the domain is defined by the linear dispersion equation.
5. logJ[n+1] := logF[n]− log2(q[n]−gy[n]), go to step 1.
If for the chosen input parameters the generated sequence of
z[n] converges, the procedure yields a solution to (18) with
high accuracy.
Figure 1 shows examples of stationary wave profiles for
various wavelengths and the same fixed value of vorticity ω .
Wave height (and phase velocity) of each wave is chosen to be
close to the limiting value corresponding to its wavelength. It
is clear that wave crests become more localized as the wave-
length increases, and profiles start to resemble a solitary wave.
However, the domain in the parameter space (λ ,c) where we
were able to achieve convergence of the iterative procedure is
rather limited – it is shown on Figure 2, the lower boundary of
the domain being defined by linear dispersion relation (5). It
appears that the method does not allow to obtain much longer
(λ > 102λg) and steeper waves with phase velocity c> c0 and,
probably, is not suitable for studying profiles of solitons.
C. Approximate soliton profiles
Approximate soliton profiles of moderate height can be ob-
tained using a simple algorithm described below. Our primary
goal here is to find a profile that is reasonably close to an ex-
act solution so that, when prescribed as an initial condition in
a simulation, it would transform with time into a soliton with
close parameters.
Applicability of the Benjamin-Ono equation depends on
the long-wave approximation λ  λg, which becomes invalid
with increase of soliton’s height, because, according to (10),
the width then approaches λg. We therefore expect the exact
profiles to differ from the Lorentzian shape in the vicinity of
their crests, which are poorly described by the Benjamin-Ono
equation, while retaining the y(x) ∼ 1/x2 tails. This assump-
tion is confirmed by the numerical results in the following sec-
tion.
The wave profile is sought as a sum of Lorentz pulses of
different widths:
y= f (x) =∑
i
ai
1+ x2/d2i
w(x). (19)
Our numerical schemes rely on the Fast Fourier transform to
compute Hilbert transforms and derivatives, and for that rea-
son we use periodic spatial domain with a (sufficiently large)
global period L. Window function
w(x) = 1/2+ cos(2pix/L)/2
is introduced here to smooth the jump of derivatives on the
ends of the global period.
To find conformal parameterization z(ξ )= ξ+ x˜(ξ )+ iy(ξ )
of a surface defined by (19), an iterative procedure is used:
x˜[0] := 0
y[i] := f (ξ + x˜[i])
x˜[i+1] :=−Hˆy[i].
It converges within few iterations to the desired analytical
function z(ξ ). Using the obtained z(ξ ), for a set of coeffi-
cients {ai,di} and a given phase velocity c a residual of the
stationary wave equation (18) can be computed:
r(a1, . . . ,d1, . . .) = gy+
(
c+ω(yxξ + Hˆ(yyξ ))
)2
2J
− c
2
2
(20)
Residual minimization
∫ |r|2du→ min yields an optimal set
of {ai,di}. The corresponding velocity field is then recovered
from (17).
Thus the described algorithm takes phase velocity c and
parameters g,ω as input and produces complete initial con-
ditions approximately describing a soliton. Numerical results
concerning properties of soliton profiles and their comparison
with solitons of Benjamin-Ono equation are given in the fol-
lowing section.
5FIG. 3. Disintegration of Lorentz pulse with height a = 0.78λg and
width d = 15.3λg, and the subsequent formation of three solitary
waves.
IV. NUMERICAL SIMULATIONS
To model dynamics of the system (1)-(4) we numerically
integrated governing equations (15)-(16) with periodic bound-
ary conditions. Dynamic variables R(ξ ),V (ξ ) were repre-
sented by their values on a regular spatial grid, and a Fast
Fourier transform was used to compute operators that are di-
agonal in the Fourier representation, i.e. spatial derivatives
and Hilbert transform. A 4-th order Runge-Kutta method was
used to integrate the governing equations over time.
A. Disintegration of a pulse-like perturbation
A number of numerical experiments were conducted with
the initial surface profile prescribed to have a form of a
Lorentzian pulse
y(x) =
a
1+ x2/d2
w(x) (21)
with arbitrary height a and width d, not necessarily bound by
the relation (10). Velocity profile was prescribed according to
(17), with the phase velocity c computed by (9) for the soliton
of the same height. In all experiments the global spatial period
L was at least 103 times greater than the pulse width d.
As a result of disintegration of a pulse (21) one or multiple
solitons were formed. An example of such process in Figure 3
FIG. 4. Parameters of initial Lorentzian pulses (a and d, white mark-
ers) and characteristics of solitons, formed as a result of their disin-
tegration (height and half-width on half-maximum, black markers).
Edges show the relation between the initial conditions and the prod-
ucts.
shows how disintegration of a pulse with the width more than
3 times greater than that of a Benjamin-Ono soliton of the
same height leads to formation of three solitons and a pack-
age of oscillatory waves. Figure 4 shows how parameters of
the generated solitons depend on parameters of the initial dis-
turbance. A noteworthy feature of these results is that despite
a wide range of initial parameters tested in our experiments,
no waves higher than approximately 0.42λg have been gener-
ated. This fact may indicate that solitary waves with height
a> 0.42λg are unstable.
In Figure 5 various characteristics of the obtained solitons,
such as profile’s half-width at half-maximum, surface curva-
ture at the wave crest and phase velocity, are plotted against
profile height. As the height increases, differences between
the generated solitons and the solitons of the Benjamin-Ono
equation become noticeable. The corresponding compari-
son is shown in Figure 6, where soliton profiles of different
heights are compared to Lorentzian pulses having same height
and same asymptotic at long distances from the crest. One
can see that the obtained solitons have narrower and sharper
crests. Since the Lorentz profile from the two-parameter fam-
ily (8) is uniquely determined by its height and asymptotic at
infinity, no adjustment of parameters (a,d) can eliminate the
observed discrepancy.
The Figure 4 also shows that even with the initial conditions
close to a Benjamin-Ono soliton, it can be difficult to predict
the characteristics of solitons that will eventually be formed.
On the other hand, the procedure described in the subsection
III C yields approximate wave profiles that propagate almost
without change. The characteristics of approximate profiles
are plotted in Figure 5 with solid lines. These results are in
a good agreement with the values observed in the simulations
of pulse disintegration.
An approximate solution can formally be obtained for
waves higher that 0.42λg. An example of a profile with height
a = 0.5λg is shown in Figure 7. When a profile with height
6FIG. 5. Characteristics of solitary waves as functions of height: (a)
half-width at half-maximum; (b) curvature of the wave crest; (c)
phase velocity. Markers correspond to solitons formed as a result
of initial disturbance disintegration, dashed lines – to solitons of the
Benjamin-Ono equation, solid lines – to approximate solution of the
stationary wave equation.
a > 0.42λg is prescribed as an initial condition, a wave with
the parameters close to corresponding parameters of an ini-
tial profile is formed and propagates for a long time without
noticeable change, but eventually collapses. Figure 8 shows
how profile’s height and width change over time for a wave
with initial height a ≈ 0.47λg. One can see that characteris-
tics of the wave crest remain almost constant during the period
FIG. 6. Comparison of soliton profile with Lorentz pulse for various
values of the soliton height. Solid line is soliton profile (left) and
the second derivative of elevation (right); dashed line – the same for
Lorentz pulse (8) with the values a,d providing the same height and
asymptotics at large distances from crest.
FIG. 7. Same as on Figure 6, for an approximate soliton profile with
height a> 0.42λg.
of time |ω|t ∼ 2 ·104, but then the wave height starts to grow
rapidly. Possible explanations for this behaviour include the
instability of high solitons, the influence of periodic bound-
ary conditions, and the insufficient accuracy of the numerical
scheme.
FIG. 8. Evolution of height and width for an approximate soliton
profile with initial height a≈ 0.47λg.
7FIG. 9. Collision of two solitons with initial heights a= 0.12λg and
a= 0.37λg.
B. Soliton collisions
To prepare initial conditions containing multiple solitons
with prescribed velocities {cn} and initial positions {x0n} we
used the method from the subsection III C to compute individ-
ual profiles, and then combined them as the sum:
z(ξ ) = ξ +∑
n
z˜n(ξ − x0n), V (ξ ) =∑
n
Vn(ξ − x0n). (22)
Since we confine out study to waves propagating along the
direction of shear, a collision can only occur when a higher
and faster soliton catches up with one of lower height. An ex-
ample of such process, collision of solitons with amplitudes
0.12λg and 0.37λg is shown in Figure 9. In this example, an
exchange scenario is realized, when the crests of solitons re-
main at some distance from each other during the interaction,
retaining their individuality, and “exchange” amplitudes. The
soliton trajectories and dependence of their height on time are
shown in Figure 10. As a result of the collision, both soli-
tons are shifted related to the corresponding unperturbed tra-
jectories. As is shown in Figure 11, the package of oscillatory
waves appears after the collision, which indicates inelastic na-
ture of interaction.
With a sufficiently small amplitude of the second soliton, an
overtaking scenario of collision also becomes possible, when
higher soliton passes through the lower so that their crests
merge at a certain moment of time. This behavior was ob-
FIG. 10. (a) Solid lines – observed trajectories of the crests, dashed
lines – unperturbed trajectories; (b) amplitudes of the solitons as
functions of time, dashed lines – initial values of the amplitudes.
FIG. 11. Packages of oscillatory waves generated after a two-soliton
collision
served, for example, in the collision of solitons with ampli-
tudes 0.02λg and 0.37λg.
a1/λg a2/λg Er/Etotal ·103 ∆xL/λg ∆xR/λg
0.09 0.30 1.3 -10 -50
0.09 0.22 0.5 -20 -30
0.05 0.22 0.5 10 -40
0.09 0.15 0.08 -60 20
0.22 0.30 0.02 -70 10
TABLE I. Energy loss and phase shifts after a two-soliton collision.
Fraction of total energy Er/Etotal that a pair of solitons with
amplitudes a1 and a2 loses as a result of the collision in a
form of oscillatory waves, as well as the phase shifts that the
solitons receive (∆xR and ∆xL for the faster and the slower
solitons, respectively), are shown for various combinations of
initial amplitudes in Table I. Radiation energy Er have proved
8to be robust against change of the global period L or the pre-
cision of numerical scheme. At the same time, even small
inaccuracy in the initial soliton velocities leads to noticeable
errors in the phase shifts, and, therefore, only characteristic
values are given.
V. CONCLUSIONS
The existence of solitons on deep water with constant vor-
ticity propagating along the direction of shear was demon-
strated earlier4 in the limit of large wavelengths (i.e., weak
dispersion) and small amplitudes. It was not investigated
whether the solitons retain their properties with decrease of
characteristic wavelength and transition to greater amplitudes.
This question is also related to the problem of the integrability
of the exact equations of motion for a flow with constant vor-
ticity. The results of numerical simulation presented in this
paper show that the fully nonlinear equations of motion al-
low the existence of solitary wave solutions as well. The re-
sults also indicate an existence of a limiting value for solitary
waves’ height, at which excess the waves become unstable.
The question of whether high-altitude solitary waves are ac-
tually unstable, or whether their decay is an artifact of the
numerical scheme, requires a separate study. Numerical sim-
ulation of soliton collisions shows that within the exact equa-
tions of motion, unlike the Benjamin-Ono equation, solitons
receive a phase shift as a result of the interaction. In addition,
generation of oscillatory waves package during the collision
was observed, which indicates an inelastic character of soli-
tons interaction.
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APPENDIX: DERIVATION OF THE BENJAMIN-ONO
EQUATION
We use the system of equations18
yt(1+ x˜ξ )− xtyξ −ωyyξ =−Hˆϕξ , (23a)
ϕtyξ −ϕξ yt +gyyξ +ωψyξ + (23b)
+Hˆ(ϕt(1+ x˜ξ )−ϕξ xt +gy(1+ x˜ξ )+ω(ψ(1+ x˜ξ )−ϕξ y)) = 0
Let us consider the linearized problem:
yt =−Hˆϕξ ,
gy+ϕt +ωHˆϕ = 0.
Hence we arrive at the integro-differential equation
ϕtt +ωHˆϕt −gHˆϕξ = 0.
From the dispersion relation (5) we find the linear dispersion
law:
Ω1,2 =
ω
2
±
√
ω2
4
+gk
At gk ω2 for long weakly dispersive waves propagating
against the flow (ω < 0) the linear dispersion relation
Ω=
ω
2
− ω
2
√
1+
4gk
ω2
goes into
Ω=−gk
ω
+
g2k2
ω3
. (24)
(The value c0 =− gω by the dimension has the meaning of the
velocity of long waves with small amplitude).
Let us show that the evolution of nonlinear waves corre-
sponding to the linear dispersion law (24) is described by the
Benjamin-Ono equation, whose solitons have the form of a
Lorentz pulse. In the system of equations (23) we make the
substitution:
y(ξ , t)→ y(ζ , t), ϕ(ξ , t)→ ϕ(ζ , t),
where
ζ = ε
(
ξ +
g
ω
t
)
, τ =−ε2 g
ω
t, (25)
where ε is a small parameter.
Substituting (25) into the system of equations (23), after
some algebra, we have:
g
ω
yζ − ε
g
ω
yτ(1+ ε x˜ζ )+ ε2
g
ω
x˜τyζ −ωyyζ =−Hˆϕζ (26a)
gy(1+ ε x˜ζ )+ ε
g
ω
ϕζ − ε2
g
ω
ϕτ(1+ ε x˜ζ )+
+ε3
g
ω
ϕζ x˜τ − εωyϕζ +ωψ(1+ ε x˜ζ ) =
= Hˆ(ε3
g
ω
yτϕζ − ε3
g
ω
yζϕτ + εgyyζ + εωψyζ ) (26b)
We seek the solution of the system (26) in the form of a series
with respect to ε:
y(ζ ,τ) = εy1(ζ ,τ)+ ε2y2(ζ ,τ)+ . . . (27)
ϕ(ζ ,τ) = εϕ1(ζ ,τ)+ ε2ϕ2(ζ ,τ)+ . . . (28)
We substitute (27), (28) into the system (26) and select the
terms of the same orders of smallness. In the first approxima-
tion
g
ω
∂y1
∂ζ
=−Hˆ ∂ϕ1
∂ζ
gy1+ωHˆϕ1 = 0.
9In the following order
g
ω
∂y2
∂ζ
− g
ω
∂y1
∂τ
−ωy1 ∂y1∂ζ =−Hˆ
∂ϕ2
∂ζ
, (29a)
gy2+
g
ω
∂ϕ1
∂ζ
+ωHˆϕ2 = 0. (29b)
The system (29) leads to the differential equation
g
ω
∂y1
∂τ
+ωy1
∂y1
∂ζ
+
g
ω2
∂ 2ϕ1
∂ζ 2
= 0.
Considering that
∂ 2ϕ1
∂ζ 2
=
g
ω
Hˆ
∂ 2y1
∂ζ 2
we obtain the Benjamin-Ono equation (y1 = y) (we omit the
index 1)
g
ω
∂y
∂τ
+ωy
∂y
∂ζ
+
g2
ω3
Hˆ
∂ 2y
∂ζ 2
= 0. (30)
In the initial variables the equation (30) takes the form of the
equation (7).
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